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The disturbances caused by the blood flow and tissue sur-
face motions are major concerns during the motion plan-
ning of a intracardiac robotic catheter. Maintaining a stable
and safe contact on the desired ablation point is essential for
achieving effective lesions during the ablation procedure. In
this paper, a probabilistic formulation of the contact stabil-
ity and the contact safety for intravascular cardiac catheters
under the blood flow and surface motion disturbances is pre-
sented. Probabilistic contact stability and contact safety met-
rics, employing a sample based representation of the blood
flow velocity distribution and the heart motion trajectory, are
introduced. Finally, the contact stability and safety for a
MRI-actuated robotic catheter under main pulmonary artery
blood flow disturbances and left ventricle surface motion dis-
turbances are analyzed in simulation as example scenarios.

1 Introduction
The focus of this paper is on the analysis of contact

stability and contact safety of a robotic intravascular car-
diac catheter under blood flow and surface motion distur-
bances given tip position constraint on the tissue surface.
Specifically, a stable contact ensures no slippage between the
catheter-tip and the tissue surface under given disturbances,
and a safe contact ensures the normal contact force to remain

∗This work was supported in part by the National Science Foundation
under grants CISE IIS-1524363, CISE IIS-1563805, ENG IIP-1700839,
and National Heart, Lung, and Blood Institute of the National Institutes of
Health under grant R01 HL153034. This paper was presented in part at
the 2020 IEEE International Conference on Intelligent Robots and Systems
(IROS 2020), Las Vegas, USA.

within the desired force limits under given disturbances. In
this study, the MRI-actuated robotic catheter [1, 2] designed
for performing intra-vascular cardiac interventions is used as
the underlying example robotic catheter platform. A prob-
abilistic blood flow model is formulated, where the blood
flow drag forces applied on the catheter body is approxi-
mated using a quasi-static model, assuming the blood flow
to be constant and uniform within a small time interval. The
probabilistic contact stability and contact safety metrics, em-
ploying the sample based representation of the blood flow
velocity distribution or the heart motion trajectory, are then
proposed. Finally, the contact stability and contact safety of
the robotic catheter are analyzed using the proposed mod-
els and metrics, where the left pulmonary inferior vein (LIV)
blood flow and left ventricle heart surface motions are used
as two example disturbances. To the best of our knowledge,
this is the first work that presents a probabilistic framework
for modeling and evaluating the contact quality under the in-
fluences of blood flow disturbances and heart surface motion
disturbances.

The quality of the contact force between the catheter tip
and the tissue surface is critical for effective lesion forma-
tion [3–5]. Several studies suggest that contact force <10
g will result in atrial fibrillation recurrence [3–5]. However,
excessively high contact forces would cause complications
including steam pop, acute tissue edema, perforation, and
thrombus formation [4]. Thiagalingam et al. [4] propose that
a “moderate” catheter contact force of 20 g can increase the
possibility of more effective lesions. Williams et al. [6] sug-
gest that high contact force > 25 g may lead to heating and
edema of extracardiac structures. In this study, the desired
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Fig. 1. The MRI-actuated robotic catheter with two sets of tri-axial
actuation coils subject to the perturbation forces resulting from blood
flow drag forces and the tissue surface constraint. The catheter base
frame S is given as shown. The contact frame Cti is chosen such that
its origin is located at the contact point of the catheter and the z-axis
is the outward normal of the tissue surface at time ti. x0 denotes the
contact point position in surface frame, which remains static during
heart surface motion. Ψ(x0, ti) denotes the parametrization of tissue
surface given contact point x0 at time ti.

normal contact force is restricted to the range from 10 g to
25 g (0.1 N∼0.25 N), and the ability of the robotic catheter
to maintain the normal contact force in this narrow therapeu-
tic range given blood flow or heart motion disturbances is
investigated.

This paper presents an extended version of the contact
stability and contact safety analysis framework proposed by
the authors in [7]. In the original work presented in [7], the
probabilistic contact stability and safety models are evalu-
ated only under the influence of blood flow disturbances.
This paper extends this framework by including the proba-
bilistic contact stability and contact stability metrics under
heart surface motion disturbances. In addition, the contact
model is formulated independent of the catheter kinematic
model in this paper.

The rest of this paper is organized as follows. The blood
flow drag forces, the contact force under surface constraint
and under the blood flow drag forces are modeled in Section
2. The probabilistic contact stability and contact safety met-
rics are introduced in Section 3. The simulation based con-
tact stability and safety analysis are presented in Section 4.
Finally, the simulation results are discussed and conclusions
are drawn in Section 5.

2 Contact Model of Catheter
2.1 Contact Force and Contact Ratio

In this section, the catheter tip-tissue contact model is
formulated. The origin of the contact frame is located at the
contact point, and its z-axis is in the outward surface nor-
mal direction, as indicated by Fig. 1. The contact between
the catheter tip and the tissue surface is assumed as point
contact with friction (non-conforming), the contact Jacobian

JC ∈ R3×n relating contact forces to joint torques is given
by [8]:

JC =
∂xc

∂X
, (1)

where xc ∈ R3 denotes the position of the catheter tip in
contact frame, X ∈ C represent the catheter configuration in
configuration space C . Let λc denote the magnitude of the
normal contact force, λ f denote the tangential forces. The
friction cone defines the set of “stable” contact forces which
cause no slippage between the tip and the surface, which is
given as:

FC = { fc ∈ R3 :
√

λ f 1
2 +λ f 2

2 ≤ µsλc}, (2)

where fc denotes the contact force in the contact frame and
fc = [λ f 1,λ f 2,λc], µs denotes the static friction coefficient
[8].

Let u ∈ Rm represent the actuation of the robotic
catheter. The relationship between the catheter configuration
and the actuation under the tip contact position constraint is
described by minimizing the potential energy of the catheter
subjected to the given constraint. For example, in the pseudo-
rigid-body model proposed by [9], the potential energy func-
tion f (u,X) is given as:

min
X

1
2

XT KX−∑
i

FT
i pi(X)−∑

j
B j(X)T

µ j(u j) (3)

s.t. g(X ,Ψ(x0)) = 0. (4)

In this model, X ∈ Rn denotes the pseudo joint configura-
tion, K is the stiffness matrix, Fi denotes a conservative force
acting on the catheter at pi(X), B j is the MRI’s magnetic
field vector written in the j-th actuator frame, and µ j is the
magnetic moment of the j-th actuator expressed in its body
frame, The constraint function g : Rn×R3 → R3 is defined
as h(X) − Ψ(x0), such that the catheter tip is at the desired
tip position on the surface. Ψ : R2→ R3 maps a point from
surface frame to spatial frame (Fig. 1), and Ψ(x0) denotes
the desired tip position in spatial frame. h(X) ∈ R3 denotes
the forward kinematics of the catheter.

The Lagrangian L : Rm×Rn→R can be used to set up
the optimization problem presented in (3). The equation of
the Lagrangian L is given as [9]:

L : f (u, X)−gT
λ (5)

where λ is the Lagrange multiplier.
From (3)-(5) and (1), the equilibrium equation ∇L at

given catheter-tissue contact configuration can be expressed
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as [9]:

∇L : ∇X f (u, X)− JT
C fc = 0, (6)

and the contact force is then calculated as:

fc = JT
C

†
∇X f (u, X), (7)

where JT
C

† is the left pseudo-inverse of JT
C with JT

C
†
=

(JCJT
C )
−1JC. The contact ratio σµ between friction force and

normal force is defined as:

σµ =
‖λ f ‖

λc
, (8)

where σµ ∈ R. The friction coefficient between the catheter
tip and the tissue surface is denoted as µs. Then for contact
forces with 0≤ σµ ≤ µs, the contact force will remain inside
the friction cone FC and the catheter can sustain a stable
contact with the tissue surface at the target contact position.

2.2 Contact Model with Blood Flow Disturbances
Periodic blood flow passing through the left atrium will

exert drag forces on the robotic catheter. Accurately mod-
eling the blood flow inside the heart and the resulting drag
forces on the catheter in their full complexity would not
be computationally feasible to be used as part of a robotic
catheter control scheme. Therefore, in this study, a simplified
blood flow drag force model is employed. Specifically, the
blood flow drag forces acting on the catheter will be modeled
as probabilistic perturbation forces. The set of perturbation
forces and their associated probabilities are estimated using
a quasi-steady flow model. A distribution of blood flow ve-
locities is generated from a temporal sampling of the blood
flow velocity profile observed at the pulmonary veins from
where the blood enters into the left atrium. Then the distribu-
tion of blood flow drag forces is calculated using these sam-
ples of blood flow velocities, approximating the flow to be
steady and uniform within the small time interval containing
the given velocity sample. Since the flows in the left atrium
and great vessels are generally fast and dominated by inertial
forces rather than viscous forces [10], the friction drag and
the viscous drag can be ignored, and the pressure drag fb per
unit length of the catheter body at a point x can be calculated
as [11]:

fb(x,v) =
1
2

ρCDdv2wv,n(x). (9)

Since the catheter is moved rather slowly by the physician
during ablation for proper lesion formation, v is approxi-
mately the speed of the fluid. d is the outer diameter of
the catheter, CD is the drag coefficient which is correlated to
the dimensional ratio [11], and ρ is the density of the blood.

wv ∈ R3x1 is the direction vector of the blood flow velocity
in spatial frame, with ||wv||= 1, and wv,n(x) denotes the nor-
mal component of the direction vector that is orthogonal to
the catheter body at x.

Suppose the blood flow exerts on the catheter segment
of [s, l], the blood flow drag can be incorporated in the equi-
librium equation (6) as an external load Fb(X ,v):

Fb(X ,v) =
∫ l

s
J(x)T fb(x,v)dx. (10)

where J(x)T maps the blood flow drag at x to configuration
space. As the computation of Fb(X ,v) is model-dependent,
we refer the readers to [7] and [12] for detailed information.
The contact force under blood flow disturbance is then ex-
pressed as:

fc = JT
C

†
(∇X f (u, X)−Fb(X ,v)). (11)

3 Probabilistic Contact Stability and Contact Safety
Metrics
Given disturbance samples, the stability of the catheter-

tissue contact is quantified using the probabilistic contact sta-
bility metric:

κσ = P(0≤ σµ ≤ µs), (12)

namely, the probability that the contact force between the
catheter tip and the tissue surface remains inside the friction
cone FC, under the given disturbances. Similarly, the safety
of the catheter’s contact with the tissue surface is quantified
using the probabilistic contact safety metric:

κ f = P( fmin ≤ fnormal ≤ fmax). (13)

In this paper, sample based representations are used
to represent the blood flow and contact ratio probability
distributions for more easily accommodating non-Gaussian
probability distributions and non-linear transformations [13].
First, the samples of the blood flow velocity distribution,
{v[1], v[2], ..., v[Nv]}, are drawn from the blood flow ve-
locity probability density function pv, i.e., v[ j] ∼ pv. The
corresponding contact ratio samples {σ [1]

µ , σ
[2]
µ , ..., σ

[Nv]
µ },

which represent the probability distribution of the contact
ratio, pσµ

, are then obtained from v[ j] using (8) and (11).
Specifically, from (11),

f [ j]c = JT
C

†
(∇X f (u, X)−Fb(X ,v[ j])). (14)

The corresponding contact ratio sample is then com-
puted as:

σµ
[ j] =

√
f [ j]c1

2
+ f [ j]c2

2

f [ j]c3

, (15)
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where fc1, fc2 are the tangential components of the contact
force, fc3 is the normal component of the contact force. The
probabilistic contact stability metric κσ for the given blood
flow disturbance is then:

κσ =
1

Nv

Nv

∑
j=1

Uσ (σµ
[ j]), (16)

where Uσ (y) = 1 if 0 ≤ y ≤ µs, and 0 otherwise. Anal-
ogously, the probabilistic contact safety metric κ f for the
given blood flow disturbance is given by:

κ f =
1

Nv

Nv

∑
j=1

U f ( f [ j]c3 ), (17)

where U f (y) = 1 if fmin ≤ y≤ fmax, and 0 otherwise.
The probabilistic contact stability and contact safety

metrics can be generalized to the surface motion case in a
similar manner. Specifically, consider the heart position sam-
ples {Ψ(x0)

[1], Ψ(x0)
[2], ...,Ψ(x0)

[Nx]} of the point of interest
(POI) on tissue surface drawn from the heart motion trajec-
tory. At each position sample Ψ(x0)

[ j], a new catheter con-
figuration X [ j] is obtained by potential energy minimization
(3) and (4), and the corresponding contact Jacobian J[ j]C is up-
dated using (1). The contact force samples are first obtained
using (7) as:

f [ j]c = J[ j]C
T †

∇X f (u, X [ j]), (18)

The corresponding contact ratio sample σ
[ j]
µ under the given

position sample can be obtained using (15). The probabilistic
contact stability metric κσ and contact safety metric κ f given
the surface motion disturbance are then calculated using (16)
and (17), respectively.

4 Contact Stability and Safety Analysis — An Example
Scenario Under Blood flow and Surface Motion Dis-
turbances
In this analysis scenario, we will investigate how the

contact stability and safety metrics vary for three nominal
normal contact force levels, namely, at 0.25 N (high), 0.20 N
(moderate) and 0.10 N (low), under LIV blood flow distur-
bances and the left ventricle surface motions with the pres-
ence of arrhythmia.

The parameters identified in [14] of our MRI-actuated
robotic catheter prototype are used as the parameters of the
PRB model in this paper. The PRB model of the robotic
catheter has the length of 100 mm, 5 pseudo-rigid links, each
with 20 mm length. For evaluation of the contact stability
and safety under surface motion disturbances, we have used
in vivo heart motion data collected in our earlier studies [15].
Specifically, a 128 s long recording of the heartbeat motion
(cardiac and respiratory motion) data with the presence of

Fig. 2. The z-axis POI position data of the 128 s long heart motion
with two arrhythmia occurrences.

Fig. 3. (a) The left inferior pulmonary vein (LIV) blood flow velocity
profile calculated from the data reported in [16] using a distal diam-
eter of 1.8 cm. The minimum and maximum blood flow velocities
are 0.21 m/s and 0.57 m/s, respectively. (b) Histogram of the 10,000
blood flow velocity samples drawn from the blood flow velocity profile
in (a).

Fig. 4. (a) The illustration of the blood flow directions in the tangen-
tial plane. The directional angle α‖ is varied in [0◦, 360◦]. (b) The
illustration of the blood flow directions in the plane perpendicular to
the tangential plane at α‖ = 90◦. α⊥ is varied in [30◦, 150◦]. At
α⊥ = 90◦, the blood flow direction is parallel to the tangential plane.

arrhythmia collected from a POI on the left ventricle (LV),
sampled at a 404.5 Hz sampling rate, is used (Fig. 2). 51,780
heart motion samples {Ψ(x0)

[ j]} are then drawn from the 128
s motion data for contact stability and safety analysis.

For evaluation of the contact stability and safety under
blood flow disturbances, a distribution obtained by sampling
of the left inferior pulmonary vein1 (LIV) blood flow is used

1Left inferior pulmonary vein is one of the four pulmonary veins con-
nected to the left atrium and is targeted in the pulmonary vein isolation
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as the underlying blood flow velocity distribution. Specifi-
cally, 10,000 velocity samples {v[i]} are drawn from the left
inferior pulmonary vein blood flow velocity profile reported
in [16]. The blood density is ρ = 1.04× 103kg/m3 [17].
Since the length of each pseudo-link is equal, the drag coef-
ficient CD for each pseudo-link is given as CD = 0.76 [11].

The blood flow direction varies substantially during the
cardiac cycle. Therefore, as part of the analysis to investi-
gate how the blood flow disturbances affect the stability and
safety of the catheter-tissue contact, we have also looked at
the variation of the contact stability and safety metrics for a
range of blood flow directions. Specifically: Let α‖ denote
the direction angle of the blood flow in the tangential plane
of the tissue surface at the contact point, and α⊥ denote the
direction angle in the plane perpendicular to the tangential
plane.2 The blood flow direction wv in spatial frame is then
given as

wv = Rs[ sin(α⊥)cos
(
α‖
)

sin(α⊥)sin
(
α‖
)

cos(α⊥) ]T ,

where Rs ∈ SO(3) denotes the rotational transformation from
the surface frame to the catheter spatial frame. In this study,
we consider α‖ ∈ [0◦, 360◦] and α⊥ ∈ [30◦, 150◦], as shown
in Fig. 4.

In [18], the static friction coefficients of a silicone
catheter against aorta and superior vena cava are reported as
0.67 and 0.56, respectively, where blood is used as lubricant
for both cases. In this study, we use a relatively conservative
value of µs = 0.2 as the static friction coefficient between the
robotic catheter and the atrial surface [19]. The minimum
normal force limit fmin for a safe catheter-tissue contact is
given as fmin = 0.10 N, and the maximum normal force limit
is given as fmax = 0.25 N.

First, the contact stability metric κσ , and the contact
safety metric κ f are calculated for the nominal normal con-
tact force of 0.10 N (the lower normal force limit), 0.20 N
(the moderate normal contact force), and 0.25 N (the upper
normal force limit), under the LIV blood flow disturbances
for the flow directions being considered. The catheter is ac-
tuated to produce the corresponding nominal normal force
level in the absence of disturbances using the contact force
control algorithm proposed in [20].

The contact analysis results for 0.10 N are presented in
Fig. 5 (a) and (b). As shown in Fig. 5 (a), the probabilistic
contact stability metric κσ is 1 for all considered blood flow
directions, indicating a stable contact between the catheter
tip and tissue surface under the potential LIV blood flow dis-
turbances. The resulting probabilistic contact safety metric
κ f under the blood flow disturbances are provided in Fig. 5
(b), where the probabilistic contact safety metric κ f falls be-
low 1 at some directional regions (and actually equals 0 for
some directional regions), indicating unsafe catheter-tissue
contact forces. As shown in Fig. 5 (c) and (d), given nomi-
nal normal force of 0.20 N, both the contact stability and the

technique of the atrial fibrillation ablation procedure.
2α‖ and α⊥ can be thought as the azimuth and elevation angles for the

blood flow direction relative to the tissue tangent surface at the catheter tip.

Fig. 5. The probabilistic contact stability metric κσ (a) and con-
tact safety metric κ f (b) given nominal contact normal force mag-
nitude of 0.10 N for blood flow directions α‖ ∈ [0◦, 360◦] and
α⊥ ∈ [30◦, 150◦]. The probabilistic contact stability metric κσ (c)
and contact safety metric κ f (d) given nominal contact normal force
magnitude of 0.20 N for blood flow directions α‖ ∈ [0◦, 360◦] and
α⊥ ∈ [30◦, 150◦]. The probabilistic contact stability metric κσ (e)
and contact safety metric κ f (f) given nominal contact normal force
magnitude of 0.25 N for blood flow directions α‖ ∈ [0◦, 360◦] and
α⊥ ∈ [30◦, 150◦].

contact safety metrics are equal to 1 for all considered blood
flow directions, indicating stable contact with contact forces
within the safe limits. As shown in Fig. 5 (e), with normal
force of 0.25 N, the robotic catheter is able to provide a stable
catheter-tissue contact over the considered blood flow direc-
tions. However, the external torque created by the blood flow
disturbances in some directional regions can lead to a normal
force higher than the force limit of 0.25 N, pushing the prob-
abilistic contact safety metric κ f below 1, as shown in Fig. 5
(f).

The contact stability and contact safety of the robotic
catheter under the left ventricle surface motions with the
presence of arrhythmia are then investigated. The result-
ing contact ratios and normal contact forces over the 51,780
heart motion samples are calculated, as presented in Fig. 6.

As shown in Fig. 6, the stability and safety of the
catheter-tissue contact achieved by the three nominal normal
forces cannot be guaranteed under the surface motion dis-
turbances. The robotic catheter is not able to provide stable
catheter-tissue contact under the provided nominal normal
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Fig. 6. Contact ratio distribution for the 51,780 heart motion sam-
ples for given nominal normal force of 0.10 N (a), 0.20 N (c), and 0.25
(e). Normal contact force distribution for the 51,780 motion samples
for given nominal normal force of 0.10 N (b), 0.20 N (d), and 0.25 (f).
The side plots denote the number of motion samples that lost contact
with the catheter tip.

forces, as the contact ratios exceeded the friction coefficient.
The catheter tip-tissue contact is unsafe under the nominal
normal force of 0.10 N and 0.25 N. Using the nominal nor-
mal force of 0.25 N, the robotic catheter lost contact with the
tissue surface for some motion samples, as shown in Fig. 6
(e) and (f), where the normal forces become 0 and the corre-
sponding contact ratios are marked as -1.

5 Discussion and Conclusion
Understanding and analyzing the effects of cardiac sur-

face motions and blood flow on stability and safety of
catheter-tissue contact is crucial for development of robotic
intracardiac catheter systems. In this paper, a probabilis-
tic formulation of the contact stability and contact safety
is proposed. A probabilistic blood flow disturbance model
is introduced, where a quasi-static model are employed for
approximating the blood flow drag forces applied on the
catheter body. The probabilistic contact stability and con-
tact safety metrics, employing a sample based representa-
tion of the surface motion trajectory and blood flow veloc-
ity distribution, are defined. The proposed models and met-
rics are then employed in an example scenario to analyze
the catheter-tissue contact stability and safety for a MRI-
actuated robotic catheter in a specific catheter-tissue contact
configuration. It is important to note that the specific con-
tact safety and contact stability analysis presented in Sec-

tion 4 is intended as an illustration of the methods proposed,
rather than for making generalizable conclusions of a specific
robotic catheter or controller. Specific analysis would typi-
cally be performed with patient specific data for anatomy,
blood flow, and catheter configuration, etc..

Although the employed MRI-actuated robotic catheter
system was considered as the underlying example robotic
catheter platform throughout the paper, the proposed models
and methods are broadly applicable to other types of intrac-
ardiac robotic catheters, as long as appropriate Jacobians are
available. Additionally, the proposed probabilistic formula-
tion of the contact stability and safety can be applied to a
combined disturbance model integrating the surface motion
and blood flow disturbances, for example, the left atrium sur-
face motion and LIV blood flow disturbances, if correlated
data is available.
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